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Abstract: Gravitational solitons (gravisolitons) are particular exact solutions of
Einstein field equation in vacuum build on a given background solution. Their in-
terpretation is not yet fully clear but they contain many of the physically relevant
solutions low N -solitons solutions. However, a systematic study and characterization
of gravisolitons solution for every N is lacking and their relevance in a theory of quan-
tum gravity is not fully understood. This work aims to investigate and characterize
some properties of N -axialsoliton solutions such as their asymptotically behaviour
and asymptotic symmetries given minimal assumptions on the background metric.
We develop an explicit systematic asymptotically expansion for the N -axialsoliton
solution and we compute the leading order of the asymptotic killing vectors. Moreover,
in the perspective to better understand the role of gravisolitons in quantum gravity
we make a link, and a one of the first explicit test, to the corner symmetry proposal
deriving which subalgebra of the universal corner symmetry algebra is generated by
the asymptotic Killing vectors of N -axialsoliton solution. In the spirit of the corner
proposal, the axialgravisoliton corner symmetry algebra (agcsa) can be useful for the
quantization of the non-asymptotically flat sector of gravity while, in the spirit of IR
triangle, new soft theorems and memory effects could emerge.
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1 Introduction

Solitons were first observed in 1834 by the Scottish engineer John Scott Russell in the
Union Canal. After the discovery of soliton solutions in hydrodynamic equations, such
as KdV equation, the study of these solutions led to the development of new powerful
techniques with the aim of having systematic procedures for the construction of
soliton solutions. One of these techniques is the spectral transform, or in a better way,
the Inverse Scattering Method (ISM) that was introduced in 1967 by Gardner, Greene,
Miura and Kruskal [1] to solve the problem at the initial values of the KdV and then
extended to other situations of interest, for example as did by Zakharov and Shabat
in 1972 [2] with the non-linear Schrödinger equation. The extension of the spectral
transform in the realm of Einstein gravity happened in 1978 by Belinskii and Zakharov
[3] and two years later Alekseev proposed the extension to the Maxwell-Einstein
theory [4].

Spectral transform method is essentially based on the possibility of writing the
non-linear equation under consideration as a condition of integrability of an associated
matrix system of linear differential equations, the so-called the Lax pair of the problem.
Once the appropriate Lax pair has been determined, the problem is divided into
two parts: the direct problem and the inverse problem. Let us highlights the most
important steps:
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1. find the Lax pair, that is two linear operators L and M such that Lv = λv

and ∂tv =Mv. It is extremely important that the eigenvalue λ be independent
of time (isospectality). Necessary and sufficient conditions for this to occur
is given by the so-called Lax equation, ∂tL + LM −ML = 0. After finding
the appropriate Lax pair it should be the case that Lax equation recovers the
original non-linear PDE;

2. determine the time evolution of the eigenfunctions associated to each eigenvalue
λ, the normalization constants and the reflection coefficient; these form the
so-called scattering data. This time evolution is given by a system of linear
ordinary differential equations. This step is the direct problem.

3. solving the Gelfand–Levitan–Marchenko (GLM) integral equation, a linear
integral equation, to obtain the final solution of the original non-linear PDE.
All the scattering data is required in order to do this. If the reflection coefficient
is zero, the process becomes much easier. This step is the inverse problem.

The procedure is schematized as

u(z, 0)
direct problem−−−−−−−−→ S(λ, 0)

nonlinear evolution

y
y linear evolution

u(z, t)
inverse problem←−−−−−−−−− S(λ, t)

(1.1)

where u(z, t) is the quabtity to be determined, u(z, 0) its initial condition, S(λ, 0)
are the scattering data at t = 0 and S(λ, t) are the evolved scattering data. As can
be seen from schematization 1.1, the spectral transform method can be thought as a
non-linear analogue, and in some sense generalization, of the Fourier transform.

Soliton solutions emerge when the reflection coefficient vanishes, in that case the
GLM integral equation reduces to an algebraic system. The discrete elements λk of
the spectrum are intimately related to solitons, indeed given a background solution,
i.e. the simplest one, of our problem we can define a new solution

ψ = χψb (1.2)

where ψb is called generating matrix and

χ = I +
∑
k

Ok

λ− λk
(1.3)

is called the dressing matrix; Ok are operators do not depend on the spectral parameter.
Note that the dressing metrix has pole exactly on the value of the discrete eigenvalues
and a N pole dressing matrix can generate a N -soliton solution.
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In this work we focus on gravitational solitons, also known as gravisolitons. These
are particular exact solutions of the Einstein, or Einstein-Maxwell, field equations that
can be constructed by the use of the inverse scattering method known, respectively
as Belinski–Zakharov (BZ) transform [3] and Belinski-Zakharov-Alekseev (BZA)
transform [4]. Their interpretation is not fully clear but black holes and cosmological
solutions are special cases of gravitational solitons; moreover, recently, also more
exotic solutions are determined using generating methods like the one presented above
[5]. Despite the term ’soliton’ being used to describe gravisolitons, their behavior is
very different from other solitons; in particular, gravisolitons do not preserve their
amplitude and shape in time and in scattering processes. Recently [6] has been
proposed, with some consistency tests, that gravisolitons have many properties of
dark matter, such as no interaction with electromagnetic field but act on matter via
gravitation. Moreover the authors showed that the gravitational lensing effect of
gravisolitons agreed with the lensing effect of usual matter and that they have the
same equation of state w = 0 as matter has. Moreover, in [7], the author shows how
gravitational solitons that can be considered as topological, in the sense of some non-
trivial homotopy groups, naturally carry charges beyond those of any local excitation
of the quantum fields. Therefore, there are symmetries of the EFT which are broken as
soon as the topology of space-time is allowed to fluctuate, even without any additional
UV degrees of freedom. The author finds that the effect of gravitational solitons is to
break the non-invertible symmetry to the maximal group-like subsymmetry and if we
further demand that remaining group-like symmetry is broken by additional degrees
of freedom, we find a complete spectrum. Hence, the completeness hypothesis follows
from the absence of group-like symmetries once gravitational solitons are taken into
account. Therefore gravisolitons can play a fundamental role in a theory of quantum
gravity but this role is mysterious at the moment and a more deep understanding of
gravisolitons could shed new light on the issue.

The most recent developments in the theory of gravisolitons are mainly contained
in [8–11]; in the first the hamiltonian methods are applied to gravisolitons and it is
proved that the transition matrix satisfies equations familiar from integrable PDEs
while the others deal with the study of gravisolitons in Einstein theory of negative
cosmological constant constructing supersymmetric gravitational soliton solutions of
five-dimensional gauged supergravity coupled to arbitrarily many vector multiplets
and studing the behaviour of causal geodesics and thermodynamic properties of
Eguchi-Hanson-AdS5 gravisolitons. Therefore, motivated by the recent partially
lacking, a part [8–11], of formal and mathematical characterizations of gravisoliton
solutions and by the possible central role of them in a theory of quantum gravity,
we are interested in study some of their properties, from a formal and mathematical
point of view, focusing of gravisolitons with axial symmetry or axialgravisolitons. We
first search and develop a systematic expansion for the N -axialgravisoliton metrics to
better understand some of their asymptotic properties. This expansion can play, for
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N -axialgravisoliton space-time, a similar role of Bondi expansion for asymptotically
flat space-time and Fefferman-Graham expansion for asymototically AdS space-time.
As the N -axialgravisoliton solution strongly depends on the background solution
also its asymptotic expansion depends on it and, more specifically, depends on its
radial expansion which is divided into cases as we will see in Chapter 3. As first
application of the aforementioned expansion, we investigate the asymptotic symmetries
of the N -axialgravisoliton solution. The first example of asymptotic symmetry in
gravity is due to the pioneering work of Bondi, Metzner, Van der Burg and Sachs
[12–15] which found the group of asymptotic physical symmetries, even on empty
Minkowski space- time, is not Poincaré but rather the infinite-dimensional Bondi–van
der Burg–Metzner–Sachs (BMS) group. Recently it was shown how supertranslations
at null infinity can be achieved in the convolutional double copy framework [16].
However, asymptotic symmetries find place not only in gravity but also in other
gauge theories [17–20], like standard Maxwell and Yang-Mills theories and more
exotic gauge theories like p-forms and mixed symmetry tensors [21–25]. Thanks to
the asymptotic expansion we developed, we compute, in Paragraph 3.2, the leading
order Killing vectors and study their bracket and therefore their algebra. In the
same Paragraph we make a link, and one of the first explicit test, to the corner
proposal which is a novel way to deal with quantum gravity [26–32] where corners,
i.e. codimension two embedded manifold and the symmetry algebra at corners, are
lifted to be fundamental ingredients of any theory of quantum gravity. We find that
for every N , the axialgravisoliton corner symmetry algebra (agcsa) is a subalgebra of
the proposed universal corner symmetry algebra. This suggests a positive feedback
to testing the corner proposal explicitly and open the way to a possible quantization
to the non-asymptotically flat and non-perturbative sector of gravity by studying the
representations of agcsa.

2 Axially symmetric gravitational solitons

Let us discuss axially symmetric gravitational solitons [33],[34]. First of all, we need
to taken into account an axisymmetric stationary background metric, which therefore
admits two Killing fields: one is space-like m = ∂ϕ and the other is time-like k = ∂t.
We will adopt the notation (x0, x1, x2, x3) = (t, ϕ, ρ, z) for the coordinates and comma
notation for derivatives.
Since we are at our disposal two Killing fields we can eliminate the dependence on
one spatial and one temporal variables, hence metric components depend only on
ρ and z. However, we can simplify further invoking diffeomorphisms invariance of
general relativity. In four dimensional space-time this symmetry allows us to impose
four conditions on the metric without loss of generality: we will impose that

(gb)22 = (gb)33, (gb)02 = 0, (gb)12 = 0, (gb)23 = 0. (2.1)
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However, to use spectral transform method we need one more simplification and since
we exhausted our freedom to manipulate the metric without loss of generality we
must impose a physical conditions (gb)03 = (gb)13 = 0; in the and we can write the
metric in the form

ds2 = (gb)22(dρ
2 + dz2) + (gb)ijdx

idxj, (2.2)

where, i, j = 0, 1 and where g22 and gij depend only on x2 = ρ and x3 = z. For
stationary metrics of the type 2.2 it can be imposed, without loss of generality, that
the 2× 2 block (gb)ij has det((gb)ij) = −ρ2.

Einstein field equations in vacuum for metric 2.2 can be rewritten as

(ρg,ρg
−1),ρ + (ρg,zg

−1),z = 0,

(ln(g22)),ρ = −
1

ρ
+

1

4ρ
(U2 − V 2) , (ln(g22)),z =

1

2ρ
UV ;

(2.3)

where
U := ρg,ρg

−1, V := ρg,zg
−1

The N solitons axisymmetric solution is

ds2 = g
(f)
22 (dρ

2 + dz2) + g
(f)
ij dx

idxj (2.4)

with

g
(ph)
22 = 16C(gb)22ρ

−N2

2

( N∏
k=1

λk

)N+1( N∏
k>l=1

1

(λk − λl)2

)
det(Γ);

g
(ph)
ij = ±(gb)ij

ρN

( N∏
k=1

λk

)
= ±

(
(gb)ij −

∑N
k,l=1Dklλ

−1
k λ−1

l L
(k)
i L

(l)
j

)
ρN

( N∏
k=1

λk

)
,

(2.5)

where
Dkl := (Γ−1)kl; Γkl := m

(k)
i (gb)ijm

(l)
j (ρ2 + λkλl)

−1;

L
(k)
i := m

(k)
j (gb)ji; m

(k)
i := m

(k)
2j (ψ

−1
b (λk, ρ, z))ji

(2.6)

where m(k)
2j are arbitrary constants and ψ−1(λ, ρ, z) is the inverse of the generating

matrix solution of the PDE coupled system1(
∂z −

2λ2

λ2 + ρ2
∂λ

)
ψ =

ρV − λU
λ2 + ρ2

ψ ,

(
∂ρ +

2λρ

λ2 + ρ2
∂λ

)
ψ =

ρV + λU

λ2 + ρ2
ψ. (2.7)

The generating matrix satisfy the relation

g(ρ, z) = ψ(0, ρ, z); (2.8)

1To obtain the background generating matrix just replace the matrices Û and V̂ with their
background counterpart, that is Ub := ρgb,ρg

−1
b and Vb := ρgb,zg

−1
b .
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therefore
ψ(λ, ρ, z) = g(ρ, z) +

∑
n

λnF (ρ, z). (2.9)

Furthermore, C is an arbitrary constant but with a sign such that we have g(ph)22 ≥ 0;
the + or − sign in front of the second of the 2.5 must be chosen appropriately in
order to have the correct signature of the metric. The lorentzian manifold with
metric components given by 2.5 is a physically space-time which is an exact, hence
non-perturbative, solution of Einstein field equation in vacuum without cosmological
constant. Solitons of the form 2.4 are called stationary axial symmetric solitons or
axialgravisolitons.

Equations that determine the trajectories of the poles λk are given by

λk,z =
−2λ2k
λ2k + ρ2

,

λk,ρ =
2λkρ

λ2k + ρ2
;

(2.10)

and the solution of these equations is given by the solutions of the quadratic equation

λ2k + 2zλk − ρ2 = 2wkλk, (2.11)

where the wk are complex arbitrary constants. Poles are than given by

λk = (wk − z)±
√

(wk − z)2 + ρ2, (2.12)

as one can see the root is always positive for real poles (wk real) and therefore
the solitonic solution will not experience discontinuity and it will be present in all
space-time in contrast to the case of not stationary gravisolitons.

The condition det(g) = −ρ2, necessary to have a physical solution, be satisfied.
To obtain the physical solution, g(f), we need to compute the determinant of the
solution g; the calculation leads to

det(g) = (−1)Nρ2N
( N∏

k=1

1

λ2k

)
det(gb). (2.13)

The 2.13 shows that if the background solution is such that det(gb) = −ρ2 then the
solution must necessarily be an even number of solitons, N = 2n, otherwise the sign
of the determinant of g would change and this would lead to a non-physical metric.
Hence, the simplest solution is the one with N = 2 solitons and can be shown [34]
that tuning in a suitable way parameters this solution returns Kerr black hole and
more generally a Taub-NUT space-time [33].
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3 Asymptotic behavior and asymptotic symmetries

Let us consider the axisymmetric gravisolitons metric 2.5, explicitly

g
(ph)
22 = 16C(gb)22ρ

−N2

2

( N∏
k=1

λk

)N+1( N∏
k>l=1

1

(λk − λl)2

)
det(Γ);

g
(ph)
00 = ±(g)00

ρN

( N∏
k=1

λk

)
= ±

(
(gb)00 −

∑N
k,l=1Dklλ

−1
k λ−1

l L
(k)
0 L

(l)
0

)
ρN

( N∏
k=1

λk

)
;

g
(ph)
11 = ±(g)11

ρN

( N∏
k=1

λk

)
= ±

(
(gb)11 −

∑N
k,l=1Dklλ

−1
k λ−1

l L
(k)
1 L

(l)
1

)
ρN

( N∏
k=1

λk

)
;

g
(ph)
10 = g

(ph)
01 = ±(g)10

ρN

( N∏
k=1

λk

)
= ±

(
(gb)10 −

∑N
k,l=1Dklλ

−1
k λ−1

l L
(k)
1 L

(l)
0

)
ρN

( N∏
k=1

λk

)
,

(3.1)
Our task is to develop an asymptotic expansion of this metric in order to study
the subgroup of diffeomorphisms which take the asymptotic metric invariant. In
cylindrical coordinates the asymptotic expansion is performed taking the limits

ρ→∞, |z| → ∞ s.t.
ρ

z
∼ O(1); (3.2)

however, for some reasons it is simpler taking limits in spherical coordinates2

r →∞. (3.3)

It is therefore necessary to study the asymptotic behavior of the various factors
appearing in 3.1.

We will not fix the background metric in order to work in full generality

ds2 = (gb)22(dρ
2 + dz2) + (gb)ijdx

idxj i, j = 0, 1; (3.4)

we only adopt the necessary requests for consistency on (gb)ij: a symmetric matrix
with determinant given by det(gb) = −ρ2

(gb)ij =

[
(gb)00 := A (gb)01 := B

(gb)10 := B (gb)11 := C

]
s.t. det((gb)ij) = AC −B2 = −ρ2. (3.5)

Since we are interested in asymptotic behaviours, let us give an asymptotic expansion
for elements A,B,C. We have assumed that background metric has a time-like Killing
vector hence the metric is stationary; this implies we can define Komar-like quantities

2The change of coordinates is given by (ϕ, ρ, z)→ (ϕ = ϕ, r =
√
ρ2 + z2, θ = acrtang

(
ρ
z

)
), or in

other terms ρ = rsin(θ), ϕ = ϕ, z = rcos(θ).
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of the background metric. Despite these quantities could not have physical reasoning
they are, however, conserved quantities like energy and angular momentum associate
to the two Killing vectors of the background metric; therefore, under the physical
requirement that conserved quantities do not diverge at infinity we can restrict the
possible choice of elements A,B,C.

Let us now switch to spherical coordinates (t, ϕ, r, θ) ≡ (0, 1, 2, 3); the background
metric reads

ds2 = (gb)22(dr
2 + r2dθ2) + (gb)ijdx

idxj i, j = 0, 1; (3.6)

and metric elements are now function of r and θ.
Komar-like quantities are proportional to the surface integral of Killing forms,

hence
Kt ∝

∫
∂S

∗dk, Kϕ ∝
∫
∂S

∗dm; (3.7)

as shown in Appendix A some combination of the background metric elements have
to be a specific asymptotic behavior in order to make finite Komar-like quantities
and therefore in order to make finite conserved quantities:

C

sin2(θ)

√
C

(gb)rr

∂A

∂r
∼ rn1f1(θ);

B

sin2(θ)

√
C

(gb)rr

∂C

∂r
∼ rn2f2(θ);

C

sin2(θ)

√
C

(gb)rr

∂B

∂r
∼ rn3f3(θ);

(3.8)

with
n1, n2, n3 ≤ 1 (3.9)

and f1(θ), f2(θ), f3(θ) arbitrary function of azimuthal angle that could be expanded
in Legendre polinomials.

We now assume a power law3 behavior for the background metric elements when
r →∞

A ∼ rαA(θ), B ∼ rβB(θ), C ∼ rγC(θ), (gb)rr ∼ rδD(θ); (3.10)

the condition on the determinant can be made explicit in two ways as summarized in
the following Table 1.

The possible choices of exponents, coherent with the condition on the determinant,
are summarized in the following Table 2.

3Recently also logarithmic terms are taken in account in these kind of expansions; would be
interesting to study also this possibility.
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1 α + γ = 2, β = 1, AC(θ)− B2(θ) = −sin2(θ)

2 α + γ = 2, AC(θ) = −sin2(θ), B2(θ) = 0

Table 1: Possible explicit choices for the determinant condition.

a α ̸= 0, β ̸= 0, γ ̸= 0

b α ̸= 0, β ̸= 0, γ = 0

c α = 0, β ̸= 0, γ ̸= 0

e α = 0, β = 0, γ ̸= 0

f α ̸= 0, β = 0, γ = 0

g α ̸= 0, β = 0, γ ̸= 0

Table 2: Possible coherent choices of exponents due to the determinant condition.

These cases have to be combined with one of the two ways to made explicit the
determinant condition, so, for example the c2 case means case c combined to the
conditions 2 of the determinant condition. In the following we study in details the
case a1 then proceeding with the other cases in a similar way. Physically, all these
cases are different background space-time used to build up the gravisoliton solution.

Case a1

Plugging the asymptotic expression into 3.8 we get

αrγ+
γ
2
− δ

2
+α−1 ∼ rn1 ⇒ 3γ

2
− δ

2
+ α− 1 = n1;

γrβ+
γ
2
− δ

2
+γ−1 ∼ rn2 ⇒ β +

3γ

2
− δ

2
− 1 = n2;

βrγ+
γ
2
− δ

2
+β−1 ∼ rn3 ⇒ 3γ

2
− δ

2
+ β − 1 = n3.

(3.11)

These equations ensure that the conserved Komar-like quantities are finite. We get
the following complete matrix for our system

M |b =


1 0 1 0 2

0 2 0 0 2

1 0 3
2
−1

2
n1 − 1

0 1 3
2
−1

2
n2 − 1

0 1 3
2
−1

2
n3 − 1

 (3.12)

From Rouché-Capelli theorem, a linear system admits solutions if only if Rk(M) =

Rk(M |b) where M and M |b are the complete and incomplete matrices associated
to the linear system. In our case, both matrices have rank 4 if and only if n2 = n3;
moreover the solution space is a subspace of dimension 4, hence the solution is unique.
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Therefore given the asymptotic data {n1, n2} we get the unique radial asymptotic
expansion of the metric components fixed by the unique set of solution

{α = n1 − n2 + 1, β = 1, γ = −n1 + n2 + 1, δ = −3n1 + n2 + 7}. (3.13)

This solution can be expressed in terms of two parameters α and δ as

{α = n1 − n2 + 1, β = 1, γ = −α + 2, δ = −3n1 + n2 + 7}; (3.14)

we can note that, since n1, n2 ≤ 1 we must have{
α ≤ 2 if n2 ≥ 0;

α > 2 if n2 < 0.
(3.15)

Moreover, we get also relation between the angular functions

f2(θ) = f3(θ) =
BC(θ)
sin2(θ)

√
C(θ)
D(θ)

, f1(θ) =
AC(θ)
sin2(θ)

√
C(θ)
D(θ)

. (3.16)

Case a2

Also in the a2 case we must have n2 = n3 to hava a solution;

{α = −2n1 + 8− δ, β = −n1 + n2 + α, γ = 2n1 − 6 + δ, δ} (3.17)

where δ is undetermined by the system. For the angular function we get

f2(θ) = f3(θ) = 0, f1(θ) = −

√
C(θ)
D(θ)

. (3.18)

Case b1

We have
{α = 2, β = 1, γ = 0, δ = −2n3 = 2(1− n1)}; (3.19)

while for the angular

f2(θ) =
BC(θ)
sin2(θ)

√
C(θ)
D(θ)

, f1(θ) =
AC(θ)
sin2(θ)

√
C(θ)
D(θ)

. (3.20)

Case b2

For the case b2 we have

{α = 2, β = n3 − n1 + 2, γ = 0, δ = 2(1− n1)}; (3.21)

the angular relations are

f2(θ) = 0, f1(θ) = −

√
C(θ)
D(θ)

. (3.22)
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Case c1

In this case we get

{α = 0, β = 1, γ = 2, δ = 2(3− n2) = 2(3− n3)}; (3.23)

while the angular relations read

f2(θ) = f3(θ) =
BC(θ)
sin2(θ)

√
C(θ)
D(θ)

. (3.24)

Case c2

We have
{α = 0, β = δ/2 + n2 − 2 = δ/2 + n3 − 2, γ = 2, δ}, (3.25)

where δ is undetermined and the relations

f2(θ) = f3(θ) = 0. (3.26)

Case e2

For this case we have

{α = 0, β = 0, γ = 2, δ = 2(2− n2)}, (3.27)

moreover
f2(θ) = 0. (3.28)

Case f2

We get
{α = 2, β = 0, γ = 0, δ = 2(1− n1)}, (3.29)

and

f1(θ) = −

√
C(θ)
D(θ)

. (3.30)

Case g2

For the final case we get

{α = −2n1 + 4− δ = −n2/5− δ/10, β = 0, γ = −α + 2, δ}, (3.31)

where δ is undetermined and we have

f1(θ) = −

√
C(θ)
D(θ)

. (3.32)
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3.1 Asymptotic behavior of the N-solitons metric
In order to find the asymptotic expansion of the metric 3.1 we need to compute the
asymptotic behaviour of

(D)kl := (Γ−1)kl;

(Γ)kl := m
(k)
i (gb)ijm

(l)
j (ρ2 + λkλl)

−1;

L
(k)
i := m

(k)
j (gb)ji;

m
(k)
i := m

(k)
2j (ψ

−1
b (λk, ρ, z))ji.

(3.33)

Let us start with ψ−1
b (λk, ρ, z))ji, which is determined by system(

∂z −
2λ2

λ2 + ρ2
∂λ

)
ψb =

ρVb − λUb

λ2 + ρ2
ψb,(

∂ρ +
2λρ

λ2 + ρ2
∂λ

)
ψb =

ρVb + λUb

λ2 + ρ2
ψb;

(3.34)

we can rewrite it in spherical coordinates4(
cos(θ)

∂

∂r
− sin(θ) ∂

∂θ
− 2λ2

λ2 + r2sin2(θ)
∂λ

)
ψb =

rsin(θ)Vb − λUb

λ2 + r2sin2(θ)
ψb,(

sin(θ)
∂

∂r
+ cos(θ)

∂

∂θ
+

2λρ

λ2 + r2sin2(θ)
∂λ

)
ψb =

rsin(θ)Vb + λUb

λ2 + r2sin2(θ)
ψb;

(3.35)

and expand them asymptotically, as done in Appendix B, to find a solution for the
generating matrix. However the result is not handle and we prefer to follow another
path. Indeed from the general theory about gravisolitons we know relations 2.8 and
2.9, which written in spherical coordinates read

gb(r, θ) = ψb(0, r, θ); (3.36)

therefore

ψb(λ, r, θ) = gb(r, θ) +
∞∑
n=1

λnF
(n)
b (r, θ) =

∞∑
n=0

λnF
(n)
b (r, θ), (3.37)

where F (0)
b (r, θ) = gb(r, θ). We assume a power law expansion in the radial coordinate

F
(n)
b =

∑
k∈Z

rkf (k)(θ)⇒ ψb(λ, r, θ) =
∞∑
n=0

∑
k∈Z

λnrkf (k)(θ). (3.38)

Now we note that due to a version of Moore-Osgood theorem we have

lim
r→∞

(
lim
λ→0

ψb(λ, r, θ)

)
= lim

r→∞
gb(r, θ) = lim

λ→0

(
lim
r→∞

ψb(λ, r, θ)

)
(3.39)

4Derivatives become ∂
∂ρ = ∂

∂r
∂ρ
∂r + ∂

∂θ
∂ρ
∂θ = sin(θ) ∂

∂r + cos(θ) ∂
∂θ and ∂

∂z = ∂
∂r

∂z
∂r + ∂

∂θ
∂z
∂θ =

cos(θ) ∂
∂r − sin(θ) ∂

∂θ .
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since the generating matrix is well-behaved, i.e. the limit for λ → 0 converges
uniformly to gb(r, θ) and from 3.36 we have limr→∞ gb(r, θ) = limr→∞ ψb(0, r, θ).
From relation 3.39 and 3.38 we have

lim
r→∞

gb(r, θ) = lim
λ→0

(
lim
r→∞

ψb(λ, r, θ)

)
= lim

λ→0

(
lim
r→∞

∞∑
n=0

∑
k∈Z

λnrkf (k)(θ)

)
=

= lim
λ→0

(
lim
r→∞

∞∑
n=0

∑
k∈Z

rn(±1− cos(θ))nrkf (k)(θ)

) (3.40)

therefore the λ→ 0 limit has to suppress all orders in r which are not the leading
order of the background metric; for example if the leading order for the background
metric is O(rp) we must have

(±1− cos(θ))nf (k)(θ) = 0 if n ̸= p− k. (3.41)

Now, if the leading order in r of ψb(λ, r, θ) was λ-dependent, in the λ → 0 limit
the leading order would be vanishing contradicting the non-vanishing leading order,
solution of system 3.11, of gb(r, θ). Then, 3.41 must hold also for general λ-dependence
of ψb(λ, r, θ) and its leading order in r coincide with those of gb(r, θ). However, is
a fact of life that in same cases, for example for Minkowski space-time [34], when
we compute ψb(λk, r, θ) the leading order of some elements of the generating matrix
are different from those of the background matrix. This is a very peculiar structure
due to the appearing in the the generating matrix elements of a specific combination,
that is

r2sin2(θ)− 2rcos(θ)λ− λ2; (3.42)

indeed for λ = λk this is the LHS of equation 2.11 and reduces to −2wkλk. This
particular feature is not captured by the general reasoning above and in order to
compute the θ-dependent coefficients and the subleading orders in r we need to
solve order by order the set of equations B.4 but this is not a simple task in a
fully general setting. Case by case is easier since one knows the leading order of
the background metric and can solve equations B.4 to get the leading order of the
background generating matrix. We therefore introduce new factors to parametrize
the leading order behavior of the background generating matrix on the poles

(ψb)00(λk, r, θ) ∼ rϵ1E1(θ), (ψb)10(λk, r, θ) ∼ rϵ2E2(θ), (ψb)11(λk, r, θ) ∼ rϵ3E3(θ).
(3.43)

We can now expand the interesting quantities to compute the asymptotic N -solitons
metric. We have

m
(k)
0 ∼

m
(k)
21 r

ϵ2E2(θ)−m(k)
20 r

ϵ3E3(θ)
rϵ1+ϵ3E1E3(θ)− r2ϵ2E22 (θ)

;

m
(k)
1 ∼

m
(k)
21 r

ϵ1E1(θ)−m(k)
20 r

ϵ2E2(θ)
rϵ1+ϵ3E1E3(θ)− r2ϵ2E22 (θ)

,

(3.44)
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from which

L
(k)
0 ∼

G(k)α,β,β,α0(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ)

rϵ1+ϵ3E1E3(θ)− r2ϵ2E22 (θ)
;

L
(k)
1 ∼

G(k)β,γ,γ,β1(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ)

rϵ1+ϵ3E1E3(θ)− r2ϵ2E22 (θ)
;

(3.45)

where

G(k)α,β,β,α0(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ) = m

(k)
20 [r

ϵ3+αAE3(θ)− rϵ2+βBE2(θ)] +m
(k)
21 [r

ϵ1+βBE1(θ)− rϵ2+αAE2(θ)];
(3.46a)

G(k)β,γ,γ,β1(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ) = m

(k)
20 [r

ϵ3+βBE3(θ)− rϵ2+γCE2(θ)] +m
(k)
21 [r

ϵ1+γCE1(θ)− rϵ2+βBE2(θ)]
(3.46b)

Using these expansions we get

Γkl ∼
Akl +Bkl + Ckl +Dkl

2(1∓ cos(θ))(rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ))2
. (3.47)

where

Akl = r2ϵ3+αA(θ)[m(k)
20 m

(l)
20E

2
3 (θ) +m

(k)
21 m

(l)
21E

2
2 (θ)]− rϵ2+ϵ3+αE2E3A(θ)[m(k)

20 m
(l)
21 +m

(k)
21 m

(l)
20 ];

(3.48a)

Bkl = −2rϵ2+ϵ3+βE2E3B(θ)m(k)
20 m

(l)
20 − 2rϵ1+ϵ2+βE1E2B(θ)m(k)

21 m
(l)
21 ; (3.48b)

Ckl = rϵ1+ϵ3+βE1E3B(θ)[m(k)
20 m

(l)
21 +m

(k)
21 m

(l)
20 ] + r2ϵ2+βE22B(θ)[m

(k)
20 m

(l)
21 +m

(k)
21 m

(l)
20 ];

(3.48c)

Dkl = r2ϵ2+γC(θ)[m(k)
20 m

(l)
20E

2
2 (θ) +m

(k)
21 m

(l)
21E

2
1 (θ)]− rϵ1+ϵ2+γE1E2C(θ)[m(k)

20 m
(l)
21 +m

(k)
21 m

(l)
20 ].

(3.48d)

To find the asymptotic behaviour of (D)kl we write it as

(D)kl = (Γ−1)kl =
(Adj(Γ))kl
det(Γ)

(3.49)

and we have to taken into account that for an N -solitons solution (Γ)kl is an N ×N
matrix. The determinant is given by

det(Γ) =
∑
σ∈SN

(
sgn(σ)

N∏
s=0

(Γ)s,σs

)
; (3.50)

asymptotically, the generic addend is

sgn(σ)
N∏
s=0

(Γ)s,σs ∼ sgn(σ)

(
1

2(1∓ cos(θ))(rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ))2

)N

×

×
N∏
s=0

[Asσs +Bsσs + Csσs +Dsσs ].

(3.51)
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Using the expression above for the determinant we can also compute the asymptotic
behaviour of the cofactor which is computed by a determinant of an (N −1)× (N −1)

matrix; therefore we compute that

(D)kl ∼ [2(1∓ cos(θ))(rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ))2]×

×
∑

σ̃∈SN−1
sgn(σ̃)

∏N−1
s=0 [Asσ̃s +Bsσ̃s + Csσ̃s +Dsσ̃s ]∑

σ∈SN
sgn(σ)

∏N
s=0[Asσs +Bsσs + Csσs +Dsσs ]

;
(3.52)

where s ̸= k and σ̃s ̸= l. One may wonder and questioning about the effective useful-
ness and easy handling of expansions 3.44, 3.45, 3.47 and 3.52; the point is that they
are completely general but, case by case, one knows exponents {α, β, γ, ϵ1, ϵ2, ϵ3} and
angular functions {A(θ),B(θ), C(θ), E1(θ), E2(θ), E3(θ)} and can extract the leading
orders in a simple way.

We can finally expand the N -solitons metric; let us start with the combination
appearing in the gij elements, for example in g00

N∑
k,l=1

(D)klλ
−1
k λ−1

l L
(k)
0 L

(l)
0 ∼

∼
N∑

k,l=1

KG(k)α,β,β,α0(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ)G(l)α,β,β,α0(ϵ3,ϵ2,ϵ1ϵ2)

(r, θ)

∑
σ̃∈SN−1

sgn(σ̃)
∏N−1

s=0 [Asσ̃ +Bsσ̃ + Csσ̃ +Dsσ̃]∑
σ∈SN

sgn(σ)
∏N

s=0[Asσ̃s +Bsσ̃s + Csσ̃s +Dsσ̃s ]
,

(3.53a)
where K = 2 (1∓cos(θ))

(±1−cos(θ))2
= 2

(1∓cos(θ))
since (±1 − cos(θ))2 = (1 ∓ cos(θ))2. Similar

expansions hold for g01 = g10 and g11. Putting it all together, the metric component
on the N -gravisoliton have the following asymptotic expansion

g
(ph)
22 ∼MN(θ)

(
1

(rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ))2

)N

rδ−
N2

2
+2N×

×
∑
σ∈SN

(
sgn(σ)

N∏
s=0

[Asσs +Bsσs + Csσs +Dsσs ]
)
;

g
(ph)
00 ∼ ±NN(θ)

[
rαA(θ)−

N∑
k,l=1

KKG(k)α,β,β,α0(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ)G(l)α,β,β,α0(ϵ3,ϵ2,ϵ1ϵ2)

(r, θ)

]
;

g
(ph)
11 ∼ ±NN(θ)

[
rγC(θ)−

N∑
k,l=1

KKG(k)α,β,β,α1(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ)G(l)β,γ,γ,β1(ϵ3,ϵ2,ϵ1ϵ2)

(r, θ)

]
;

g
(ph)
10 = g

(ph)
01 ∼ ±NN(θ)

[
rβB(θ)−

N∑
k,l=1

KKG(k)α,β,β,α0(ϵ3,ϵ2,ϵ1ϵ2)
(r, θ)G(l)β,γ,γ,β1(ϵ3,ϵ2,ϵ1ϵ2)

(r, θ)

]
;

(3.54)
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where

MN(θ) = 4N(N−1)+2CD(θ)[(±1− cos(θ))]N2+Nsin(θ)−
N2

2 (2∓ 2cos(θ))−N ;

K =

∑
σ̃∈SN−1

sgn(σ̃)
∏N−1

s=0 [Asσ̃s +Bsσ̃s + Csσ̃s +Dsσ̃s ]∑
σ∈SN

sgn(σ)
∏N

s=0[Asσs +Bsσs + Csσs +Dsσs ]
;

NN = (θ)

[
(±1− cos(θ))

sin(θ)

]N
.

(3.55)

We note that for the g
(ph)
22 component we have more choices for the asymptotic

expansion according to the relative signs in front of the square roots in the definition
of the poles due to the presence of the factors 1

(λk−λl)2
which give 1

4r2
if the signs

disagree while give 1
wk−wl

if signs agree. Therefore the most general expansion for
g
(ph)
22 is

g
(ph)
22 ∼MN(θ)

(
1

(rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ))2

)N

rδ−
N2

2
+N(N+1)−N(N−1)+2#×

×
( #∏

j=1

1

(wk − wl)2j

) ∑
σ∈SN

(
sgn(σ)

N∏
s=0

[Asσs +Bsσs + Csσs +Dsσs ]
)
;

(3.56)
where

MN(θ) = 4N(N−1)−2#+2CD(θ)[(±1− cos(θ))]N2+Nsin(θ)−
N2

2 (2∓ 2cos(θ))−N ,
(3.57)

and # is the number of poles couple with concordant root signs.
We can check that choosing Minkowski metric as background and computing

the asymptotic behaviour of the background generating matrix, the asymptotic
behaviour of m(k)

0 ,m
(k)
1 , L

(k)
0 , l

(k)
1 ,Γkl, Dkl and of the metric component is exactly

what was expected [33],[34]. We note that the physical information of how many
solitons make up the solution is reached by all the metric components meaning again
that non-diagonal solution can be generated even if the background solution was
diagonal; this is the case of Kerr black hole 2-solitons solution. Moreover, there are
no reasons why the asymptotic behavior of the chosen background solution must be
preserved by the N -soliton solution and in general this is no the case. Indeed, let us
consider the following example. Consider a background metric with δ = 1 and with
ϵ1 = ϵ2 = ϵ3 = 0. This is no restrictive since the determination of the asymptotic
behavior of the background generating matrix does not depend on δ. In this case
the N -solitons solution give us a g(ph)22 metric component with asymptotic behavior
r1−

N2

2 rh(α,β,γ) where h(α, β, γ) ∈ 1
2
Z has to derived case by case depending on α, β and

γ but then it is fixed. However, surely there exist a N for which 1− N2

2
+h(α, β, γ) ̸= 0.
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This show that the N -solitons solution has no to preserve the asymptotic behavior of
the background metric in general, at least in the assumption of Komar-like quantities
are finite. Therefore it is a well posed question ask for asymptotic symmetries with
expectation that these may depend on the number of solitons that make up the
solution.

3.2 Leading order of the asymptotic symmetries and the UCS
group

In order to discuss asymptotic symmetries let us find the asymptotic Killing vectors
solutions of the asymptotic Killing equation, i.e. Killing equation for the asymptotic
N -solitons metric. As known, a vector field ξ is a Killing field if the Lie derivative
with respect to ξ of the metric vanishes

Lξg = 0, (3.58)

in terms of the Levi-Civita connection, we can write it as

g (∇Y ξ, Z) + g (Y,∇Zξ) = 0, (3.59)

for all vectors Y and Z. Moreover in local coordinates expressed by a coordinate
fields, Killing equation assume its standard form

∇µξν +∇νξµ = ξ(µ;ν) = ∂µξν + ∂νξµ − 2Γρ
µνξρ = 0; (3.60)

moreover, we assume a homogeneous expansion for the Killing vectors of the form

ξµ =
∑
l∈Z

ξ̄
(l)
µ (θ)

rl
µ = 0, 1, 2, 3. (3.61)

Our goal is to determine the first possible l of the expansion above; this information
can be obtained looking at the Killing equation and requiring that it is satisfied only
asymptotically, i.e. it is not really necessary for it to be exactly zero as long as it is
satisfied within the limit of large radial distances. We focus on the Killing equation
with (µ, ν) = (3, 3) this reduces, using results in C, to

2∂3ξ3 − 2Γ3
33ξ3 ∼ O(r0). (3.62)

For N = 0 we have, inserting the Killing vector expansion

2
∑
l∈Z

ξ̄
′(l)
3 (θ)

rl
− D

′(θ)

D(θ)
∑
l∈Z

ξ̄
(l)
3 (θ)

rl
∼ O(r0), (3.63)

which means that the leading order is l = 0 since for l > 0 we have subleading terms
while for l < 0 we have overleading terms; moreover coefficients must satisfy the
equation

2ξ̄
′(l)
3 (θ)− D

′(θ)

D(θ)
ξ̄
(l)
3 (θ) = 0 ∀l ∈ (−∞, 0], (3.64)
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Let us continue with the case of N = 2; in this case using the Crhistoffel symbols
derived in C.4 the equation is

2
∑
l∈Z

ξ̄
′(l)
3 (θ)

rl
− 2
(
Γ3
33

)
N=2

∑
l∈Z

ξ̄
(l)
3 (θ)

rl
∼ O(r0), (3.65)

since
(
Γ3
33

)
N=2

turn out to has a leading order independent of r then, again, the
leading order of the Killing vector is l = 0; moreover coefficients satisfy

2ξ̄
′(l)
3 (θ)− 2

(
Γ3
33

)
N=2

ξ̄
(l)
3 (θ) = 0 ∀l ∈ (−∞, 0]. (3.66)

The same kind of analysis can be done in the general N case but we note that despite
the leading order is the same for all N the angular dependence can be different;
this can be seen since the Christoffel symbols have different angular dependence
depending on N since the N -solitons metric has. Therefore, in the case of Killing
vectors whose components fall-off with the same behaviour, the leading order is r0

while the specific case coefficients have to be derived case by case but their angular
dependence depend from the number of solitons. The other component of the Killing
equations give us relations between expansion parameters, i.e. the exponents of r
in the metric expansion, and l; knowing that l = 0 some of these relations may not
be satisfied and we find that not for all choices of expansion parameters we have a
non-vanishing leading order. In these cases the Killing vectors decay too quickly and
do not generate any symmetry algebra on the corner at infinite distance.

The point now is to compute the algebra by investigating the vector field bracket
in order to make a link with the corner proposal. The corner proposal [32] is
based on the fact that gauge symmetries are classical redundancies of the system
that are not expected to survive in quantum gravity. This applies in particular to
diffeomorphisms that are pure gauge; however, there are diffeomorphisms that are
asymptotic symmetries which are not redundancy, they physically act on the field
space. The corner proposal focuses on these symmetries, and posits that they survive
in quantum gravity. The central point is that a gravitational theory is described by a
set of charges and their algebra at corners.

The only Killing vectors that can generate a symmetry algebra on the infinite
distance corner are the leading order ones; we refer to them sympli as ξµ. We can
expand a vector field in the coordinate basis on the corner obtained in the radial
limit at fixed time ∂i with i = 1, 3 and the "normal" coordinates ∂a with a = 0, 2.
Therefore

ξµ∂µ = ξi∂i + ξa∂a. (3.67)

It is ease to see that these Killing vectors generate, as expected, a subalgebra of the
ucs algebra and therefore its exponential generate a subgroup of the UCS group. This
is because the Lie bracket gives us, where expressed in coordinates

[ξi∂i + ξa∂a, η
i∂i + ηa∂a] = [ξi∂i, η

i∂i]
j∂j + (ξi∂iη

a − ηi∂iξa)∂a; (3.68)
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the first term is DiĎ(S) while the second one is the action of DiĎ(S) on R2 where
S is the infinite distance corner whose coordinates are the angles. Therefore the
axialgravisoliton corner symmetry algebra (agcsa) generated by the leading order Killing
vectors is

agcsa = DiĎ(S)⊕sd R2. (3.69)

where ⊕sd stands for the semi-direct sum of Lie algebras.

4 Conclusion

Gravitational solitons or gravisolitons are particularly exact solutions of the Einstein
gravity that can be extended to Einstein-Maxwell theory [3, 4]. The theory of
gravitational solitons is essentially linked to the Inverse Scattering Method (ISM)
and many of the most useful metrics used, like those of black holes, are nothing
but gravisolitons [33, 34]. Indeed, gravisolitons incorporate many of physically
relevant solutions such as black holes and cosmological one [33] but also more exotic
recently proposed solutions [5]. Moreover gravitational solitons are a good candidate
of dark matters since they have the right properties and the right characteristics
[6]; nevertheless, they are fundamental for the completeness hypothesis thanks to
the charges they carry [7]. Despite this, the fundamental role and implication of
gravisolitons is not yet fully understood; a systematic formal and mathematical study
of them can be useful to understand how and when gravisolitons enter in the game
both classically and quantumly; shedding light on this fundamental but not fully
explored sector of pure gravity. The formal and mathematical study of gravisolitons
could be useful also in string theory since several gravitational string backgrounds
can be interpreted as soliton solutions [35].

4.1 Results and discussion
In this work we study some formal and mathematical properties of a particular class
of gravisolitons: axialgravisolitons. First of all we study the background metric
compatible with the requests on the determinant of the metric, which is an essential
condition to have physical metrics, and with the finiteness of Komar-like integrals
associated, which are computed in Appendix A. These conditions force us to divide
the asymptotic expansion of the background solution in cases summarized in Table
2. According to each case, the set of exponents {α, β, γ, δ} is different but respects
both the determinant condition and the Komar-like integrals finitness. Giving only
these conditions on the background solution we find the expansion for any value
of the soliton numbers N . According to the parameters {α, β, γ, δ, ϵ1, ϵ2, ϵ3}, the
final N -soliton metric can develop different asymptotic behaviour with respect the
background solution used to generate the solitons. This is reported in 3.54, 3.55,
3.56 and 3.57. As technical note we underline that the asymptotic expansion of the
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component g(ph)22 depends strongly on the relative signs in front of the square roots
in the definition of the poles. The asymptotic expansion developed can play, for
N -axialgravisoliton space-time, a similar role of Bondi expansion for asymptotically
flat space-time and Fefferman-Graham expansion for asymototically AdS space-time.
We showed at the end of Paragraph 3.1 that, in general, the N -soliton metric has no
to preserve the asymptotically behaviour of the background metric even developing
off-diagonal terms as in the case of Minkowski background and Kerr black hole (which
is a 2-pole axialgravisoliton); therefore it is a well posed question ask for asymptotic
symmetries with the expectation that these may depend on the number of solitons
that make up the solution. In order to compute the asymptotic Killing vectors we
use the expansion derived to compute its Christoffel symbols in Appendix B. This
is in fact the case since the leading order coefficients satisfy different differential
equations according to the number of solitons N , however the radial leading order
turn out to be the same in every case. The algebra generated by these Killing vectors
can be computed looking to their bracket and turn out to be a subalgebra of the
universal corner symmetry algebra given by agcsa = DiĎ(S) ⊕sd R2. This suggests a
positive feedback for the corner proposal which is explicitly tested and open the
way to a possible quantization to the non-asymptotically flat sector of gravity by
studying the representations of agcsa since N -axialgravisoliton has no to be necessary
asymptotically flat. Moreover, for the sake of speculation, agcsa could play a similar role
of the conformal algebra for AdS space-time or the BMS algebra for asymptotically
flat space-time upon conformal compactification: we could construct a QFT at the
boundary of the N -axialgravisoliton solution with symmetry algebra given by agcsa
and this could be dual to some gravitational process which take place in the bulk
of the N -axialgravisoliton metric. This is a kind of holographic correspondence
we can call N -axialgravisoliton/agcsa-QFT correspondence. The applicability and
construction of this correspondence can be material for future work with the aims to
better understand the role of gravisolitons in classical and quantum gravity.
Moreover, in the spirit of Strominger IR triangle [36], agcsa is only one of the three
corners. These axialgravisoliton asymptotic symmetries should be related, on the one
hand, to some version or extension of the soft theorem on curved background5 and,
on the other hand, to an observable memory effect6.

5It is well-known that a global description of the S-matrix may not exist in an arbitrary curved
space-time. In [37], authors give a local construction of S-matrix in quantum field theory in
curved space-time using Riemann-normal coordinates which mimics the methods, generally used in
Minkowski spacetime.

6To distinguish this effect from the gravitational and spin-gravitational memory effects [38, 39]
we call it axialgravisoliton memory effect.
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Figure 1: Schematization of the axialgravisoliton IR triangle.

Beyond the technical observational issues, the possible observation of this ax-
ialgravisoliton memory effect is complicated by the fact that we should be in the
asymptotic region of a space-time with a certain number of axialsymmetric gravisoli-
tons. The study and characterization of these other two corners of the IR triangle
may be attacked in the near future.
As other future applications and extensions of this work, it would be interesting
to consider the case of higher derivative and f(R) gravity. Both these cases are
natural evolutions of Einstein gravity at UV regimes and the understanding, in these
framework, of the gravisolitons role, of their properties and asymptotic symmetries
could help in the road to quantum gravity. Other important cases of extension are
those with spinors and supersymmetry, i.e. Einstein-spinors gravity and SUGRA
theories. However, in all such contexts, the theory of gravisolitons, in the sense of
ISM and Darboux transformation, is poorly developed. A first step in considering
these extensions would be to develop a systematic metric valid for every number of
solitons such as 3.1.
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A Evaluation of Komar-like quantities

In an explicit way metric and its inverse read

(gb)µν


A B 0 0

B C 0 0

0 0 (gb)rr 0

0 0 0 r2(gb)rr

 , (gb)
µν


− C

r2sin2(θ)
B

r2sin2(θ)
0 0

B
r2sin2(θ)

− A
r2sin2(θ)

0 0

0 0 1
(gb)rr

0

0 0 0 1
r2(gb)rr

.

 (A.1)

Let us start with the first Komar-like integral, we need ∗dk. kµ = (1, 0, 0, 0) and so
kµ = (gb)µνk

ν = (gb)µt; the form associated is k = (gb)µtdx
µ = Adt + Bdϕ and its

exterior derivative reads

dk =
∂A

∂r
dr ∧ dt+ ∂A

∂θ
dθ ∧ dt+ ∂B

∂r
dr ∧ dϕ+

∂B

∂θ
dθ ∧ dϕ. (A.2)

Taking the Hodge dual we get

(∗dk)µν =
ϵµνρσ
2

(gb)
ρρ′(gb)

σσ′
(dk)ρ′σ′ =

=
ϵµνρσ
2

[(gb)
ρr(gb)

σt(dk)rt + (gb)
ρθ(gb)

σt(dk)θt + (gb)
ρr(gb)

σϕ(dk)rϕ + (gb)
ρθ(gb)

σϕ(dk)θϕ].

(A.3a)
A similar procedure can be done for computing ∗dm: m = Bdt+ Cdϕ and the final
result is

(∗dm)µν =
ϵµνρσ
2

(gb)
ρρ′(gb)

σσ′
(dm)ρ′σ′ =

=
ϵµνρσ
2

[(gb)
ρr(gb)

σt(dm)rt + (gb)
ρθ(gb)

σt(dm)θt + (gb)
ρr(gb)

σϕ(dm)rϕ + (gb)
ρθ(gb)

σϕ(dm)θϕ],

(A.4a)
with

dm =
∂B

∂r
dr ∧ dt+ ∂B

∂θ
dθ ∧ dt+ ∂C

∂r
dr ∧ dϕ+

∂C

∂θ
dθ ∧ dϕ. (A.5)

To calculate the Komar quantities Kt and Kϕ one needs to choose an appropriate
boundary surface. As underlined in [40] and [41] a good choice is the boundary of
a spatial three volume characterised by a constant r and dt = −A

B
dϕ; In this way,

infinitesimally close points are simultaneous events. Since r is constant the dual
Killing forms reduced to

(∗dk)µν =
1

2
ϵµνρσ[(gb)

ρr(gb)
σt(dk)rt + (gb)

ρr(gb)
σϕ(dk)rϕ] =

=
(gb)

rr

2
{(dk)rt[ϵµνrt(gb)tt + ϵµνrϕ(gb)

ϕt] + (dk)rϕ[ϵµνrt(gb)
tϕ + ϵµνrϕ(gb)

ϕϕ]};

(∗dm)µν =
1

2
ϵµνρσ[(gb)

ρr(gb)
σt(dm)rt + (gb)

ρr(gb)
σϕ(dm)rϕ] =

=
(gb)

rr

2
{(dm)rt[ϵµνrt(gb)

tt + ϵµνrϕ(gb)
ϕt] + (dm)rϕ[ϵµνrt(gb)

tϕ + ϵµνrϕ(gb)
ϕϕ]}

(A.6)
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and the only non-vanishing elements are

(∗dk)θϕ =
(gb)

rr

2
ϵθϕrt[(gb)

tt(dk)rt + (gb)
tϕ(dk)rϕ];

(∗dk)θt =
(gb)

rr

2
ϵθtrϕ[(gb)

ϕt(dk)rt + (gb)
ϕϕ(dk)rϕ],

(A.7)

for ∗dk and
(∗dm)θϕ =

(gb)
rr

2
ϵθϕrt[(gb)

tt(dm)rt + (gb)
tϕ(dm)rϕ];

(∗dm)θt =
(gb)

rr

2
ϵθtrϕ[(gb)

ϕt(dm)rt + (gb)
ϕϕ(dm)rϕ],

(A.8)

for ∗dm.
Since we are performing an integral over a over a surface of simultaneous events

terms (∗dk)θt and (∗dm)θt do not have to be included since then their integrals should
be subtracted because doing cycle along the compact direction ϕ would bring a shift
in time [40],[41],[42].
In order to avoid divergences in the Komar-like quantities, (∗dk)θt and (∗dm)θt have
to be a good radial falloff behavior, therefore

(gb)
rr(gb)

tt(dk)rt = −
C

r2sin2(θ)(gb)rr

∂A

∂r
⇒ C

sin2(θ)

√
C

(gb)rr

∂A

∂r
∼ rn1f1(θ)

(gb)
rr(gb)

tϕ(dk)rϕ =
B

r2sin2(θ)(gb)rr

∂C

∂r
⇒ B

sin2(θ)

√
C

(gb)rr

∂C

∂r
∼ rn2f2(θ)

(gb)
rr(gb)

tt(dm)rt = −
C

r2sin2(θ)(gb)rr

∂B

∂r
⇒ C

sin2(θ)

√
C

(gb)rr

∂B

∂r
∼ rn3f3(θ)

(gb)
rr(gb)

tϕ(dm)rϕ =
B

r2sin2(θ)(gb)rr

∂C

∂r
⇒ B

sin2(θ)

√
C

(gb)rr

∂C

∂r
∼ rn4f4(θ)

(A.9)

with
n1, n2, n3, n4 ≤ 1 (A.10)

and f1(θ), f2(θ), f3(θ), f3(θ) arbitrary function of azimuthal angle; we have also taken
into account the square root of the induced metric determinant that enter in the
computation of the Komar-like integrals

√
|γ| = r

√
C(gb)rr.

B Asymptotic generating matrix equations
Let us start with the asymptotic expansion for poles λk

λk = (wk − z)±
√
(wk − z)2 + ρ2 =

= (wk − rcos(θ))±
√
(wk − rcos(θ))2 + r2sin2(θ) =

= (wk − rcos(θ))±
√
(w2

k + r2 + 2wkcos(θ)) ∼ r(−cos(θ)± 1);

(B.1)
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Assuming the asymptotic behaviour of the spectral parameter is the same of the
poles7 we have to expand the following coefficients:

2λ2

λ2 + ρ2
∼ 2(−rcos(θ)± r)2

(−rcos(θ)± r)2 + r2sin2(θ)
=

2[r2cos2(θ) + r2 ∓ 2r2cos(θ)]

2r2 ∓ 2r2cos(θ)
=

= 1∓ cos(θ)

1∓ cos(θ)
+

cos2(θ)

1∓ cos(θ)
;

2λρ

λ2 + ρ2
∼ 2(−rcos(θ)± r)rsin(θ)

2r2 ∓ 2r2cos(θ)
= −cos(θ)sin(θ)

1∓ cos(θ)
± sin(θ)

1∓ cos(θ)
;

ρ

λ2 + ρ2
∼ rsin(θ)

2r2 ∓ 2r2cos(θ)
=

1

2r

sin(θ)

1∓ cos(θ)
;

λ

λ2 + ρ2
∼ −rcos(θ)± r

2r2 ∓ 2r2cos(θ)
=

1

2r

−cos(θ)± 1

1∓ cos(θ)
.

(B.2)

We can sum and subtract equations in system 3.34 to get(
[c(θ) + s(θ)]

∂

∂r
+ [c(θ)− s(θ)] ∂

∂θ
+

2λρ− 2λ2

λ2 + r2s2(θ)
∂λ −

2rs(θ)Vb
λ2 + r2s2(θ)

)
ψb = 0,(

[c(θ)− s(θ)] ∂
∂r
− [s(θ) + c(θ)]

∂

∂θ
− 2λ2 + 2λρ

λ2 + r2s2(θ)
∂λ +

2λUb

λ2 + r2s2(θ)

)
ψb = 0;

(B.3)

where c(θ) = cos(θ) and s(θ) = sin(θ). Inserting the asymptotic expansions B.2(
[c(θ) + s(θ)]

∂

∂r
+ [c(θ)− s(θ)] ∂

∂θ
+ F↑↓

1 (θ)∂λ

)
ψb =

1

r

s(θ)

1∓ c(θ)
Vbψb,(

[c(θ)− s(θ)] ∂
∂r
− [s(θ) + c(θ)]

∂

∂θ
+ F↑↓

2 (θ)∂λ

)
ψb = −

1

r

−c(θ)± 1

1∓ c(θ)
Ubψb;

(B.4)

where

F↑↓
1 (θ) =

1∓ 2c(θ) + c2(θ) + c(θ)s(θ)∓ s(θ)
1∓ c(θ)

= ∓s(θ)∓ c(θ) + 1;

F↑↓
2 (θ) =

1∓ 2c(θ) + c2(θ)− c(θ)s(θ)± s(θ)
1∓ c(θ)

= ±s(θ)∓ c(θ) + 1;

(B.5)

where the apexes ↑↓ indicate respectively the up or down choice for the signs; matrices
Vb and Ub could be expanded to get

Vb = ρ(gb),z(gb)
−1 ∼

∼ 1

rsin(θ)

[
rγCsin(θ)rαA′ − rβBrβsin(θ)B′ −rβBsin(θ)rαA′ + rαArβsin(θ)B′

rβB′sin(θ)rγC − rβBrγsin(θ)C ′ −rβBsin(θ)rβB′ + rαArγsin(θ)C ′

]
;

(B.6)
7This is suggested from the fact that the spectral parameter meets the poles λk along its trajectory;

if the poles are considered on the asymptotic boundary also the whole trajectory has to be consider
asymptotically and it has to meet poles on the asymptotic boundary.
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Ub = ρ(gb),ρ(gb)
−1 ∼

∼ 1

rsin(θ)

[
−rγCcos(θ)rαA′ + rβBrβcos(θ)B′ rβBcos(θ)rαA′ − rαArβcos(θ)B′

−rβB′cos(θ)rγC + rβBrγcos(θ)C ′ rβBcos(θ)rβB′ − rαArγcos(θ)C ′

]
.

(B.7)
Note that asymptotically we have Vb ∼ cotang(θ)Ub.

C Christoffel symbols for the N solitons solutions

Let us derive here the non-vanishing Christoffel symbols for a metric like

ds2 = g22(dr
2 + r2dθ2) + gijdx

idxj i, j = 0, 1; (C.1)

which is of the same kind of the solitons metric. The non-vanishing symbols are

Γ2
00 = −

1

2
g22∂2g00; Γ3

00 = −
1

2r2
g22∂3g00; Γ2

01 = −
1

2
g22∂2g01; Γ3

01 = −
1

2r2
g22∂3g01;

Γ0
20 =

1

2
g00∂2g00 +

1

2
g10∂2g01; Γ1

20 =
1

2
g01∂2g00 +

1

2
g11∂2g01;

Γ0
30 =

1

2
g00∂3g00 +

1

2
g10∂3g01; Γ1

30 =
1

2
g01∂3g00 +

1

2
g11∂3g01;

Γ2
11 = −

1

2
g22∂2g11; Γ3

11 = −
1

2r2
g22∂3g11; Γ0

22 = −
1

2
g00∂2g22; Γ2

22 = −
1

2
g22∂2g22;

Γ0
12 =

1

2
g00∂2g01 +

1

2
g10∂2g11; Γ1

12 =
1

2
g01∂2g11 +

1

2
g11∂2g11;

Γ0
13 =

1

2
g00∂3g10 +

1

2
g10∂3g11; Γ1

12 =
1

2
g01∂3g10 +

1

2
g11∂3g11;

Γ3
22 = −

1

2r2
g22∂3g22; Γ2

23 =
1

2
g22∂3g22; Γ3

23 =
1

2r2
g22∂2g33; Γ2

31 = −
1

2
g22∂2g33;

Γ3
33 =

1

2r2
g22∂3g33.

(C.2)
The one we are more interested to deduce which is the leading order of the killing
vectors is the last one and for N = 0 we simply have(

Γ3
33

)
N=0

=
D′(θ)

2D(θ)
(C.3)

while for the case N = 2 we get

(
Γ3
33

)
N=2

=M2(θ)

[
(rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ))

]−4

rδ+2+2#

( #∏
j=1

1

(wk − wl)2j

)
Ξ2 ×

×
[
M′

2(θ)

M2(θ)
− 4

rϵ1+ϵ3+1(E1E3(θ))′ − r2ϵ2+1(E22 (θ))′

rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ)
+

Ξ′
2

Ξ2

]
1

2g22
=

=
1

2

[
M′

2(θ)

M2(θ)
− 4

rϵ1+ϵ3+1(E1E3(θ))′ − r2ϵ2+1(E22 (θ))′

rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ)
+

Ξ′
2

Ξ2

]
;

(C.4)
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where Ξ2 :=
∑

σ∈S2

(
sgn(σ)

∏2
s=0[Asσs +Bsσs + Csσs +Dsσs ]

)
. The first term has no

power of the radial cooordinate while the second and third terms are of the form

raf ′(θ) + rbg′(θ)

raf(θ) + rbg(θ)
, (C.5)

where a and b are certain numbers; if ra is dominant with respect to rb we will get
f ′(θ)
f(θ)

and if rb is dominant with respect to ra we will get g′(θ)
g(θ)

. Therefore, in any case,
the leading order is independent of r but strongly depends on the initial data8. For
the general N case the story is no different; we get

(
Γ3
33

)
N
=MN(θ)

[
(rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ))

]−2N

rδ̄
( #∏

j=1

1

(wk − wl)2j

)
ΞN ×

×
[
M′

N(θ)

MN(θ)
− 2N

rϵ1+ϵ3+1(E1E3(θ))′ − r2ϵ2+1(E22 (θ))′

rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ)
+

Ξ′
N

ΞN

]
1

2g22
=

=
1

2

[
M′

N(θ)

MN(θ)
− 2N

rϵ1+ϵ3+1(E1E3(θ))′ − r2ϵ2+1(E22 (θ))′

rϵ1+ϵ3+1E1E3(θ)− r2ϵ2+1E22 (θ)
+

Ξ′
N

ΞN

]
;

(C.6)
where now ΞN :=

∑
σ∈SN

(
sgn(σ)

∏N
s=0[Asσs + Bsσs + Csσs + Dsσs ]

)
, δ̄ := δ − N2

2
+

N(N + 1)−N(N − 1) + 2# and the same consideration above for the case N = 2

can be applied.
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